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We propose the entanglement dipole polarization to describe the topological quadrupole phase.
The quadrupole moment can be regarded as a pair of the dipole moment, in which the total dipole
moment is canceled. The entanglement polarization, we propose, is useful to detect such a con-
stituent dipole polarization. We first introduce partitions of sites in the unit cell and divide the
system into two subsystems. Then, introducing an entanglement Hamiltonian by tracing out one
of the subsystems partly, we compute the dipole polarization of the occupied states associated with
the entanglement Hamiltonian, which is referred to as the entanglement polarization. Although the
total dipole polarization is vanishing, those of the subsystems can be finite. The entanglement dipole
polarization is quantized by reflection symmetries. We also introduce the entanglement polarization
of the edge states, which reveals that the edge states themselves are gapped and topologically non-
trivial. Therefore, such edge states yield the zero energy edge states if the system has boundaries.
This is the origin of the corner states.
I. INTRODUCTION
Electric dipole polarization [1, 2], known also as the
Zak phase [3] (Berry phase [4]) , plays a key role in the
description of topological phases of matter [5, 6]. One
of the typical examples is the Su-Schrieffer-Heeger model
in one dimension [7, 8] in which the topological phase
is labeled by the dipole polarization; that is, the Berry
phase, pi [9, 10]. Such a nontrivial polarization of the
bulk ensures the zero-energy midgap edge states for finite
systems with boundaries [9, 11]. In two dimensions, the
nontrivial Chern number [12, 13] implies the existence of
the topologically stable edge states [11] (bulk-edge corre-
spondence). The Chern number can also be interpreted
by the change of the polarization (the Berry phase) in
the Brillouin zone [1, 2, 14]. The charge polarization has
been extended to time-reversal polarization [14, 15], and
to higher dimensions [15–19] which enables us to charac-
terize the topological insulators in two and three dimen-
sions. Recently, a generalization of the dipole polariza-
tion, i.e., quadrupole polarization and generically higher
order multipole polarization has been proposed [20], and
investigated in detail [21–29].
In conventional topological insulators with spin-orbit
couplings, the total dipole polarization vanishes, since
each spin has just opposite polarization ensured by time-
reversal symmetry. Nevertheless, they can be topologi-
cal if the polarization of each spin is nontrivial. Such a
time-reversal polarization is described by the celebrated
Z2 invariant [14, 30]. Recently, an alternative method
has been proposed to extract the polarization of each
spin [31, 32]. This method is based on the topological
numbers of the entanglement Hamiltonian (eH). It turns
out that not only the topological numbers of the original
Hamiltonian, but also those of eH of subsystems are very
useful to characterize the topological phases of compli-
cated systems [33, 34].
In this paper, we demonstrate the use of topological
numbers of the eH applying to the quadrupole phase in
two dimensions. This is based on the observation that
the quadrupole moment is composed of two sets of the
dipole moment. Therefore, if one of them is traced out,
the other dipole moment should be revealed. We argue
that the dipole polarization of the ground state of the eH,
which will be referred to as the entanglement polarization
(eP), is quite useful to characterize the quadrupole phase.
This paper is organized as follows: In Sec. II, we review
basic properties of the model introduced by Benalcazar
et. al. [21]. In Sec. III, we introduce the eP and discuss
the symmetry properties of the eP. Surprisingly, the ex-
act eP can be obtained for the present model, implying
the usefulness of the eP. In Sec. IV, we focus our atten-
tion on the edge states of the model. The model shows
the gapped edge states, and eP for the edge states reveals
that they are topologically nontrivial as one-dimensional
(1D) insulating states. Therefore, if the boundary is in-
troduced to these 1D topological insulating edge states,
zero-dimensional (0D) edge states appear. It turns out
such zero-energy edge states are nothing but the corner
states. In Sec. V, we apply eP to more generic model
with next-nearest neighbor hopping terms. In Sec. VI,
we give the summary and discussion.
II. THE MODEL
We will refer to the two-dimensional variant of the SSH
model introduced by Benalcazar et. al. [21] as the BBH
model. In this section, we define the notations of the
BBH model, including a few review.
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FIG. 1: 2D BBH model on the square lattice. The dashed
lines show the negative bonds associated with the pi-flux.
A. The BBH model
The model Hamiltonian [21] is defined by
H =
∑
j
(
γxc
†
3jc1j + λxc
†
1jc3j+xˆ + γxc
†
2jc4j + λxc
†
4jc2j+xˆ
− γyc
†
2jc3j − λyc
†
3jc2j+yˆ + γyc
†
4jc1j + λyc
†
1jc4j+yˆ
)
+H.c. + δ
∑
j,a
(−1)ac†ajcaj , (1)
where γj and λj (j = x, y) are hopping parameters to-
ward the j direction, c†aj and caj are, respectively, the
creation and annihilation operators of electrons at the
site a in the unit cell labeled by j = (jx, jy), as illus-
trated in Fig. 1. jˆ (j = x, y) stand for the unit vector
toward the j direction, xˆ = (1, 0) and yˆ = (0, 1). The mi-
nus sign on the bonds connecting 2 and 3 sites show the
pi flux perpendicular to the 2D plane, and the last term
is a staggered potential as a symmetry breaking term. In
the momentum representation, we have
H =
∑
k
c†kh(k)ck, (2)
where
h(k) =(γx + λx cos kx)γ4 + λx sin kxγ3
+ (γy + λy cos ky)γ2 + λy sin kyγ1 + δγ5
≡gµ(k)γµ (3)
with the following γ-matrices:
γj = −σj ⊗ σ2 =
(
iσj
−iσj
)
, (j = 1, 2, 3)
γ4 = 1l⊗ σ1 =
(
1l
1l
)
,
γ5 = 1l⊗ σ3 =
(
1l
−1l
)
. (4)
Here, σj (j = 1, 2, 3) stand for the standard Pauli matri-
ces and 1l is the unit matrix. The notations are similar
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FIG. 2: (a), (d) Spectra of the Hamiltonian. (b), (e) Wil-
son loop eigenvalues νx(ky). (c), (f) Wilson loop eigenval-
ues νy(kx). Left (a), (b), (c) are models with γx = 0.1 and
γy = 0.5 in the quadrupole (pi, pi) phase. Right (d), (e), (f)
are models with γx = 1.1 and γy = 0.5 in the trivial (0, pi)
phase. Other parameters used are λx = λy = 1.
to those in Ref. [21]. Figures 2(a) and 2(d) are the spec-
tra of the Hamiltonian Eq. (3), which shows two doubly
degenerate bands.
As stressed in Ref. [21], reflection symmetries with
respect to the x and y directions play a crucial role in
the quadrupole phase of the model:
Mxh(kx, ky)M
−1
x = h(−kx, ky),
Myh(kx, ky)M
−1
y = h(kx,−ky), (5)
where Mx and My are, respectively, defined by
Mx = iγ3γ5 = σ3 ⊗ σ1, My = −iγ1γ5 = σ1 ⊗ σ1. (6)
Here, we have defined Mx and My obeying M
2
x =M
2
y =
1. The reflection symmetries ensure the gapped eigen-
values of the U(2) Berry phase (the Wilson loop in the
Brillouin zone) of the half-filled ground state, as will be
discussed in Sec. II B. This model also has time reversal,
particle-hole, and chiral symmetries denoted by
Th(k)T−1 = h(−k),
Ch(k)C−1 = −h(−k),
γ5h(k)γ
−1
5 = −h(k), (7)
where T = K (complex conjugation), C = Kγ5, and γ5
is defined in Eq. (4). When γx = γy and λx = λy , the
3model has C4 symmetry
rˆ4h(k)rˆ
−1
4 = h(R4k), (8)
where
rˆ4 =
(
0 1
−iσ2 0
)
, R4
(
kx
ky
)
=
(
ky
−kx
)
. (9)
The spectra in Fig. 2 are the case with γx 6= γy, so they
look manifestly broken C4-symmetric.
B. Non-Abelian Berry phase
The BBH model is a 2D version of the 1D SSH model.
Therefore, it is natural to characterize topological phases
of the BBHmodel by means of the Berry phase associated
with the 1D SSH model [9, 10, 20, 21]. Let
Ψ±(k) = (ψ±1(k), ψ±2(k)) (10)
be the doubly-degenerate positive and negative energy
states of h(k),
h(k)ψ±n(k) = ±E(k)ψ±n(k), (n = 1, 2) (11)
and let Uµ(k) = Ψ
†
−(k)Ψ−(k+µˆ) be the non-Abelian link
variables for the occupied states [35]. Here, we assume
that kµ is discretized by N mesh points, and µˆ is the
unit lattice vector toward the kµ direction with length
2pi/N . Then, the 2× 2 matrix-valued Wilson loop in the
Brillouin zone is defined by
Wµ(k) =
N∏
n=1
Uµ(k + nµˆ). (12)
The eigenvalue of the Wilson loop can be parameterized
as eiνµ(k), where νµ(k) is associated with the polarization.
This model shows gapped spectrum νµ(k), as shown in
Fig. 2. They are symmetric with respect to zero, which
implies that two particles in a unit cell are polarized in
opposite directions, but the total dipole polarization van-
ishes.
Benalcazar et. al. [21] have introduced the nested Wil-
son loop, which clarifies the polarization in a projected
space of one of the eigenstate of the Wilson loop. In this
paper, we will take a different root to reveal the topolog-
ical property of the BBH model, using the entanglement
topological numbers [31, 32].
III. ENTANGLEMENT POLARIZATION
Let us divide the system into two subsystems denoted
by A and B. If the partition into A and B is spatial and
there are boundaries between them, the entanglement
spectrum (eS) of the reduced density matrix shows fic-
titious edge states along those boundaries. This informs
us of the topological properties of the original system
[36, 37]. The eS has been used indeed for the studied
of noninteracting symmetry-protected topological insu-
lators [38–44].
Instead of such a spatial partition breaking transla-
tional invariance, we can consider another type of parti-
tion with respect to some internal degrees of freedom,
which preserves translational invariance even for sub-
systems [31, 45]. To be concrete, consider a system
with a unit cell containing N species such as orbitals,
spins, etc., labeled by i = 1, 2, · · · , N . Introduce a par-
tition concerning such species, A = {1, · · · , nA} and
B = {nA+1, · · · , n}. Then, the eS remains gapped or be-
comes gapless. This has nothing to do with the fictitious
edge states mentioned above, since the partition does not
have any spatial boundaries. It depends on whether the
partition into A and B is disentangled or entangled that
determines such a spectral property. This may be un-
derstood as follows: Let |G〉 be the many-body ground
state. Then, it can be Schmidt-decomposed into
|G〉 =
∑
i,j
Dij |ψi〉A ⊗ |φj〉B, (13)
where |ψi〉A and |φj〉B are orthonormal basis states asso-
ciated with A and B. The singular-value decomposition
of D = UΛV † , where Λ = diag(λ1, λ2, · · · , λm, 0, · · · , 0),
leads to
|G〉 =
∑
ℓ
λℓ|Ψℓ〉A ⊗ |Φℓ〉B, (14)
where |Ψℓ〉A =
∑
i |ψi〉AUiℓ and |Φℓ〉B =
∑
j |φj〉BV
∗
jℓ,
and we assume λℓ in descending order, (1 ≥)λ1 ≥ λ2 ≥
· · ·λm(≥ 0). It is known that λℓ is given by the eS and
that if the eS is gapped, the largest λ1 is unique. Then,
in this case, let us consider an adiabatic deformation of
the ground state |G〉 into
|G〉 ∼ |Ψ1〉A ⊗ |Φ1〉B. (15)
It induces the gap of the eS to be larger. In this pro-
cess, the topological properties of |Ψ1〉A and |Φ1〉B are
unchanged due to the gap. Thus, it can be useful to
characterize |G〉 in terms of the topological properties of
|Ψ1〉A and |Φ1〉B. These states are the ground states of
the eHs, which will be defined below in Sec. III A.
Let cG be a topological invariant such as the Chern
number or dipole polarization of the ground state |G〉.
Then, Eq. (15) implies the partition of the topological
number cG into cG = cA + cB, where cA and cB are the
topological numbers associated with A and B, which may
be referred to as entanglement topological numbers [32].
As we will show below, when the above scenario is
applied to the polarization, it enables us to distinguish
whether the system has the quadrupole polarization or
not. Namely, even though the quadrupole phase has van-
ishing total dipole polarization, if part of the dipole po-
larizations among the quadrupole polarization is traced
out, the other dipole polarization is revealed.
4Below, we introduce the eH for an appropriate parti-
tion of the quadrupole phase, and using the eigenstates
of the eH, we argue the eP for the BBH model.
A. Definition of entanglement polarization
Let |G〉 be the many-body ground state, and let ρ =
|G〉〈G| be the corresponding density matrix. We divide
the four sites labeled by a, b = 1, · · · , 4 in the unit cell
into a pair i, j and its complement i¯, j¯. Then, tracing out
one pair, we have the eH H(ij) and H¯(ij),
tr i¯,j¯ ρ ∝ e
−H(ij) ,
tr i,j ρ ∝ e
−H¯(ij) , (16)
where we have simply denoted H(¯ij¯) = H¯(ij). It has
been shown that for non-interacting fermions, the eH be-
comes also noninteracting, H(ij) =
∑
(a,b)∈(i,j) c
†
ah
(ij)
ab cb
and H¯(ij) =
∑
(a,b)∈(¯i,j¯) c
†
ah¯
(ij)
ab cb. It has a simple rela-
tionship with the correlation function [46].
Let us discuss the eigenvalue problem for the eH with
translational symmetry. Using the negative energy mul-
tiplet wave function Eq. (10), the projection operator
P−(k) at a given k to the negative energy states is de-
fined by
P−(k) ≡ Ψ−(k)Ψ
†
−(k), (17)
where Ψ−(k) is the ground state (negative energy) mul-
tiplet wave function in Eq. (10). Note that this is a
4 × 4 matrix P−(k) = P−,ab(k) (a, b = 1, 2, 3, 4) asso-
ciated with four sites in the unit cell. We define the
projection operator restricted to particular two sites i, j
by
P
(ij)
− (k) ≡ P
(ij)P−(k)P
(ij), (18)
where P (ij) is the projection to the space spanned by
i and j. For example, P (13) = diag(1, 0, 1, 0). Equiv-
alently, it can be expressed as P
(ij)
−,ab(k) = P−,ab(k) for
(a, b) = (i, j), which is a reduced 2 × 2 matrix. In this
reduced form, trivial 0 eigenvalues of the 4×4 projection
operator are removed. Likewise, P¯
(ij)
− (k) ≡ P
(¯ij¯)
− (k) is
defined.
Instead of the eigenvalue problem of the eH, let us
consider that of the reduced projection operator of Eq.
(18) introduced above,
P
(ij)
− (k)ψ
(ij)
n (k) = ξ
(ij)
n (k)ψ
(ij)
n (k), (n = 1, · · · ,M),
(19)
where in the present case, M = 2. It has been shown
that the eigenvector ψ
(ij)
n (k) is simultaneously the eigen-
vector of eH h(ij)(k) in the momentum representation,
h(ij)(k)ψ
(ij)
n (k) = ε
(ij)
n (k)ψ
(ij)
n (k) [46]. The relationship
between the eigenvalues is ξ(ij)(k) =
[
exp
(
ε(ij)(k)
)
+
1)
]−1
[46]. Therefore, the eigenvalue ξ
(ij)
n will be simply
referred to as eS. It should be noted that the spectrum of
P
(ij)
− (k) and its complement P¯
(ij)
− (k) have the following
relationship
ξ¯(ij)n (k) = 1− ξ
(ij)
M+1−n(k), (20)
where ξ¯
(ij)
n (k) is the eigenvalue of P¯
(ij)
− (k). Namely, an
occupied (unoccupied) state of P
(ij)
− (k) corresponds to
an unoccupied (occupied) state of P¯
(ij)
− (k).
When the eS is gapped at ξ = 1/2,
ξ
(ij)
1 (k) < 1/2 < ξ
(ij)
2 (k), (21)
we can define the entanglement Wilson loop in the Bril-
louin zone (eWL) associated with the occupied state la-
beled by n = 2. To this end, we first introduce the entan-
glement link variable as U
(ij)
µ (k) = ψ
(ij)†
2 (k)ψ
(ij)
2 (k + µˆ),
and next define the eWL as
W(ij)µ (k) =
N∏
n=1
U (ij)µ (k + nµˆ). (22)
This leads to the idea of the eP P
(ij)
µ (k) as the phase of
the eWL,
P(ij)µ (k) = arg
[
W(ij)µ (k)
]
. (23)
B. Symmetry property of eP and eS
Let us next consider the symmetry properties of eP
and eS. The projection operator P−(k) obeys the same
symmetry property of the Hamiltonian h(k) in Eqs. (5)
and (7). Then, the following relationship
MxP
(13)M−1x = P
(13), MyP
(13)M−1y = P
(24),
MxP
(14)M−1x = P
(23), MyP
(14)M−1y = P
(14),
MxP
(12)M−1x = P
(34), MyP
(12)M−1y = P
(34), (24)
leads to
MxP
(13)
− (kx, ky)M
−1
x = P
(13)
− (−kx, ky),
MyP
(14)
− (kx, ky)M
−1
y = P
(14)
− (kx,−ky). (25)
These guarantee the quantization of the eP,
P(13)x (k)
Mx= 0 or pi,
P(14)y (k)
My
= 0 or pi, mod 2pi. (26)
If the gap of the eH is open in the whole Brillouin zone,
these values are constant independent of k. Therefore,
we propose that the pair of the eP,
(P(13)x ,P
(14)
y ) (27)
5characterize the phases of the present model.
The eS also has some symmetry properties. The re-
flection symmetries Eqs. (25) lead to
ξ(13)n (kx, ky)
Mx= ξ(13)n (−kx, ky),
ξ(14)n (kx, ky)
My
= ξ(14)n (kx,−ky). (28)
Equation (24) yields another relationship between
P
(ij)
− (k),
MyP
(13)
− (kx, ky)M
−1
y = P
(24)
− (kx,−ky),
MxP
(14)
− (kx, ky)M
−1
x = P
(23)
− (−kx, ky). (29)
These lead to
ξ(13)n (kx, ky)
My
= ξ(24)n (kx,−ky),
ξ(14)n (kx, ky)
Mx= ξ(23)n (−kx, ky). (30)
Note that the right-hand side are the eS of the com-
plement partitions of the left-hand side. For example,
ξ
(24)
n (k) = ξ¯
(13)
n (k). Thus, combining these with Eq. (20),
we have
ξ(13)n (kx, ky) + ξ
(13)
M+1−n(kx,−ky)
My
= 1,
ξ(14)n (kx, ky) + ξ
(14)
M+1−n(−kx, ky)
Mx= 1, (31)
where M = 2 in the present system.
Chiral symmetry in P
(ij)
− (k) is implemented by
γ5P
(ij)
− (k)γ5 = P
(ij)
[
1− P
(ij)
− (k)
]
P (ij). (32)
In the reduced 2 × 2 representation, it becomes
γ5P
(ij)
− (k)γ5 = 1 − P
(ij)
− (k) with γ5 = diag(1,−1) for
(ij) = (13), (14), whereas γ5 = diag(1, 1) for (ij) = (12).
Thus, provided that the eS is gapped Eq. (21), γ5 con-
verts the occupied band into the unoccupied band and
vice versa for (ij) = (13), (14). Considering the fact that
total bands (sum of the occupied band and unoccupied
band) give a trivial polarization and that γ5 does not
change the polarization, we have
P(ij)µ (k)
γ5
= 0 or pi, mod 2pi, (33)
and
ξ(ij)n (k) + ξ
(ij)
M+1−n(k)
γ5
= 1, (34)
for (ij) = (13), (14), and their complements. Together
with Eq. (20), we have
ξ(ij)n (k)
γ5
= ξ¯(ij)n (k), (35)
for (ij) = (13), (14), and their complements. Further
together with Eq. (30), we conclude
ξ(13)n (kx, ky)
My,γ5
= ξ(13)n (kx,−ky),
ξ(14)n (kx, ky)
Mx,γ5
= ξ(14)n (−kx, ky). (36)
In passing, we mention that P
(12)
− (k)
γ5
= 1/2.
Time reversal symmetry yields
P(ij)µ (k)
T
= P(ij)µ (−k), mod 2pi, (37)
and
ξ(ij)n (k)
T
= ξ(ij)n (−k). (38)
The constraint of particle-hole symmetry is just that of
the combination of time reversal and chiral symmetries
C = Tγ5.
Finally let us briefly discuss C4 symmetry. Note the
following transformation property of P (ij),
rˆ4P
(13)rˆ−14 = P
(14), rˆ4P
(14)rˆ−14 = P
(24),
rˆ4P
(24)rˆ−14 = P
(23), rˆ4P
(23)rˆ−14 = P
(13),
rˆ4P
(12)rˆ−14 = P
(34), rˆ4P
(34)rˆ−14 = P
(12). (39)
Together with
rˆ4P−(k)rˆ
−1
4 = P−(R4k), (40)
we reach
rˆ4P
(13)
− (k)rˆ
−1
4 = P
(14)
− (R4k). (41)
This relation leads to
P(14)x (ky)
C4= P(13)y (kx = −ky),
ξ(14)n (kx, ky)
C4= ξ(13)n (−ky, kx). (42)
C. Exact eP for the BBH model
The BBH model Eq. (1) allows an exact result for the
eP. The projection operator Eq. (17) is given by
P−(k) =
1
2
(
1−
h(k)
E(k)
)
, (43)
where E(k) =
√
g2µ(k). Thus, except for the case |γµ| =
|λµ| for both µ = x, y, the spectrum of the model is
gapped, and Eq. (43) is well-defined. We then have
P
(13)
− (k) =
1
2
(
1− g˜5 −g˜4 − ig˜3
−g˜4 + ig˜3 1 + g˜5
)
,
P
(14)
− (k) =
1
2
(
1− g˜5 −g˜2 − ig˜1
−g˜2 + ig˜1 1 + g˜5
)
, (44)
where g˜µ(k) = gµ(k)/E(k). Since P
(13)
− (k) and P
(14)
− (k)
in Eq. (44) are basically independent 1D SSH Hamil-
tonians along x and y directions, respectively, it turns
out that when g5 = 0, the winding number of g4 + ig3
and g2 + ig1 determine the eP in Eq. (27). Namely,
P
(13)
x = pi for |γx/λx| < 1 and P
(13)
x = 0 otherwise, and
P
(14)
y = pi for |γy/λy| < 1 and P
(13)
x = 0 otherwise. The
6quadrupole phase is characterized by (pi, pi) as nontrivial
SSH phase both for the x and y directions. This feature
can be clearly seen by the eP of the edge states, as will
be discussed in the next section.
The bulk eP is also expressed by the eigenvalues of
reflection operators Mx and My, because they commute
with P
(13)
− (k) and P
(14)
− (k), respectively, at the reflection-
invariant lines (k∗x, ky) and (kx, k
∗
y), where k
∗
x, k
∗
y ≡ 0, pi
[21, 40]. Let p
(13)
k∗x
and p
(14)
k∗y
be the eigenvalues of Mx
and My, respectively, on the invariant lines specified
by k∗x and k
∗
y of the occupied states ψ
(13)
2 (k
∗
x, ky) and
ψ
(14)
2 (kx, k
∗
y). Note that in the reduced (13)-space where
P
(13)
− (k) is expressed by a 2 × 2 matrix, Mx acts it as
M
(13)
x = σ1. Thus, p
(13)
0 p
(13)
π = sgn
[
(γx + λx)(γx − λx)
]
.
Likewise, in the reduced (14)-space, My acts it also as
M
(14)
y = σ1. Thus, we finally reach
eiP
(13)
x = p
(13)
0 p
(13)
π , e
iP(14)y = p
(14)
0 p
(14)
π . (45)
We will show in Sec. V that this relation is valid for more
generic model.
IV. ENTANGLEMENT EDGE STATE
POLARIZATION
(1)
(2)
(3)
(4)
1 2 Nx
1
2
3
4
5
6
7
8
-3
-2
-1 4Nx
4Nx
4Nx
4Nx
(1)
(2)
(3)
(4)
(1)
(2)
(3)
(4)
FIG. 3: Numbering of the sites for the BBH model with
open boundaries in the x direction. The sites encircled by
green and blue curves are associated with the partition (13)
and (14), respectively.
The quadrupole phase is characterized by the corner
edge states. In this sense, the topological quadrupole
phase is nowadays referred to as a second order topologi-
cal insulator. In this section, we investigate the topolog-
ical phase of the present model from the point of view of
the edge states.
A. Gapped edge states
Suppose that we have a system withNx unit cells (each
with four sites) in the x direction under the open bound-
ary condition, whereas the periodic boundary condition is
imposed in the y direction, as illustrated in Fig. 3. Then,
we have a single-particle Hamiltonian H(ky) which is a
4Nx × 4Nx matrix. Thus, the system has 4Nx bands as
FIG. 4: Various spectra of a finite system with boundaries
in the quadrupole (pi, pi) phase (γx = 0.1 and γy = 0.5). (a)
Spectrum of the system with open boundaries in the x direc-
tion and periodic along the y direction. (b) eS, ξ(13), and (c)
eS, ξ(14), corresponding to (a). (d) Spectrum of the system
with open boundaries in the y direction and periodic along
the x direction. (e) eS, ξ(13), and (f) eS, ξ(14), corresponding
to (d). In (b) and (f), the green lines denote the doubly de-
generate zero energy states, and in (c) and (e), the red line
shows the edge states (fully occupied and fully unoccupied
states) with eESP, P
(14)
x-edge,y = pi and P
(13)
y-edge,x = pi.
the functions of ky,
H(ky)Ψn(ky) = En(ky)Ψn(ky). (46)
We show in Figs. 4 and 5, the spectra of such systems.
These tell that all the spectra of finite size systems are
gapped: We cannot find any edge states at or across
the zero energy. However, in Figs. 4(a) and 4(d) and in
Fig. 5(d), gapped edgelike states denoted by black points
which are separated form the bulk can be observed, cor-
responding to the nontrivial polarization P
(13)
x = pi or
P
(14)
y = pi. These are doubly degenerate bands local-
ized at the left and right boundaries. The polarization of
these states is trivial because of the degeneracy.
B. Entanglement edge state
If the eP is nontrivial, we can observe the edge states
in the corresponding subsystem. Let Ψan(ky) (a, n =
1, · · · , 4Nx) be the nth eigenfunction of the system in
Eq. (46) in order of increasing energy. Then, we can de-
fine the projection operator to the negative energy states,
7FIG. 5: The same figures as in Fig. 4, but in the trivial
(0, pi) phase (γx = 1.1 and γy = 0.5). In (e), the eES denoted
by red lines at ξ = 0 and ξ = 1 have eESP, P
(13)
y-edge,x = 0.
similarly to Eq. (17),
P−,ab(ky) =
2Nx∑
n=1
Ψan(ky)Ψ
†
nb(ky). (47)
In the same way in Sec. III, we choose two particular
sites (i, j) among the four sites in a unit cell. Then, we
have the reduced projection operator:
P
(ij)
−,ab(ky) = P−,ab(ky), (a, b) = (i, j) mod 4, (48)
which is a 2Nx × 2Nx matrix. Let ξ
(ij)
n (ky) (n =
1, · · · 2Nx) be the eigenvalue of P
(ij)
− (ky) and let ψ
(ij)
n (ky)
be the corresponding eigenstate, similar to Eq. (18).
Namely,
P
(ij)
− (ky)ψ
(ij)
n (ky) = ξ
(ij)
n (ky)ψ
(ij)
n (ky), (49)
In Fig. 4(b), we show the eS ξ(13)(ky). We find the
(doubly degenerate) ξ(13) = 1/2 states, which are zero
entanglement energy ε(13) = 0 states, in the spectrum
ξ(13)(ky), indicated by green lines. These states are lo-
calized states at the left end (3) and at the right end (1)
in Fig. 3. Although not shown, the spectrum ξ(24)(ky) is
the same, and we also see the edge states localized at the
left end (2) and at the right end (4). Thus, we establish
the existence of the left edge state localized at (2) and
(3) and of the right edge state localized at (1) and (4).
On one hand, these edge states are due to the bulk-
edge correspondence in the eH, namely, due to the non-
trivial bulk polarization P
(13)
x = pi. On the other hand,
the appearance of the edge states is not only due to the
boundaries as in Fig. 3, but also due to the disentangle-
ment of the wave function. Namely, the right edge states
localized at sites (1) and (4) are strongly entangled with
each other, which causes a gap for the right edge states,
as in Fig. 4(a). Therefore, if the right edge states local-
ized at sites (14) are disentangled between sites (1) and
(4), by tracing out (1) or (4), states with ξ ∼ 1/2 are
expected. The left edge states localized at sites (2) and
(3) are likewise. Such edge states that appear in the eS
will be referred to as the entanglement edge states (eES).
C. Entanglement edge state polarization
Next, we switch to the eS, ξ(14)(ky), and investigate
the nature of the eES along the y direction. In the parti-
tion of (14) and (23) in Fig. 3, the right eES belongs to
sites (14) and the left eES belongs to sites (23). There-
fore, we expect in ξ(14) a fully occupied state correspond-
ing to the right eES and a fully unoccupied state corre-
sponding to the left eES. Indeed, in Fig. 4(c), we see a
single completely occupied ξ
(14)
2Nx
= 1 state and a single
completely unoccupied ξ
(14)
1 = 0 state which are clearly
isolated from others. Thus, we have established the eES
originated from the edge states localized at the bound-
aries in the x directions. However, we have seen that the
edge states are gapped in the full spectrum of the origi-
nal Hamiltonian in Fig. 4 (a). As we will show below, it
is because these states form the 1D SSH state propagat-
ing to the y direction under periodic boundary condition
which should be an insulating gapped state.
To investigate the feature of these gapped edge states,
it is useful to calculate the eP. Namely, for these eES,
we define the eP in a similar way in Eqs. (22) and (23),
which may be referred to as entanglement edge state po-
larization (eESP). Let us define first the entanglement
U(1) link variable, U
(ij)
y (ky) = ψ
(ij)†
m (ky)ψ
(ij)
m (ky + ∆k)
for a particular edge mode m, (m = 1 for the fully unoc-
cupied state and m = 2Nx for the fully occupied state)
where ∆k = 2pi/N , and, second, the eWL,
W
(ij)
x-edge,y =
N∏
n=1
U (ij)y (ky + n∆k). (50)
Then, we naturally reach,
P
(ij)
x-edge,y = argW
(ij)
x-edge,y. (51)
In the quadrupole phase in Fig. 4, it turns out that the
eESP, P
(14)
x-edge,y = pi both for ξ
(14)
2Nx
= 1 and ξ
(14)
1 = 0
states, which are indicated by the red lines in Fig. 4(c).
So far, we have shown that the system with bound-
aries in the x direction has gapped edge states with non-
trivial eESP P
(ij)
x-edge,y = pi. This implies that these edge
8states are themselves topological 1D SSH states along the
boundaries. Thus, if the system is further cut in the y
direction, the 0D zero energy edge states appears. These
are the BBH corner states discovered in Refs. [20, 21].
It may be needless to say that when the system has
Ny unit cells along y direction under the open boundary
condition, we observe similar bulk-edge correspondence,
as shown in Fig. 4(d), 4(e), and 4(f).
Next, let us consider the trivial (0, pi) phase in Fig.
5. Since this phase is trivial toward the x direction, no
zero energy edge states are observed in Fig. 5(b). Cor-
respondingly, no clearly isolated ξ = 0, 1 states are ob-
served. On the other hand, since the system is nontrivial
toward the y direction, zero energy edge states and cor-
responding ξ = 0, 1 states are observed in Figs. 5(e)
and 5(f). However, such edge states have eESP toward
x direction, P
(13)
y-edge,x = 0. Thus, the eES along the y
direction is the trivial SSH state, and hence, we conclude
no corner states in this case.
V. GENERIC BBH MODEL
The minimal model studied so far is simple enough
to obtain the exact bulk eP in Sec. III C. In this sec-
tion, we will examine a more generic model by including
nearest- and next-nearest neighbor hoppings among unit
cells, which are summarized in Appendix A. In particu-
lar, we introduce several terms with broken time rever-
sal, particle-hole, and chiral symmetries. For simplicity,
we set all parameters zero except for v and tixy = t
i
yx.
Although we set γx = γy ≡ γ and λx = λy ≡ λ, C4
symmetry is broken by the v term. We will show that
the topological quadrupole phase is characterized by the
bulk eP and eESP even for such a generic model.
FIG. 6: Spectra of generic BBH model with λ = 1, and v =
tixy = t
i
yx = 0.3. (a) belongs to topological phase (γ = 0.9),
whereas (b) belongs to the trivial phase (γ = 1.1). Even with
finite v and tixy = t
i
yx, the degeneracies at the high-symmetry
points (k∗x, k
∗
y) imply the reflection symmetries Eqs. (5).
In Fig. 6, we show the spectra of the model near the
topological-trivial transition point (γ = 1). These are
semimetalic, but the finite direct gap enables us to define
the bulk topological invariant. The double-degeneracy of
the spectrum in the minimal model is lifted except for the
high-symmetry points. The degeneracies at these points
are due to the reflection symmetries associated with Mx
andMy [21]. Thus, for the present model, the projection
operator to the ground state Eq. (17) cannot be given
by Eq. (43).
FIG. 7: (a), (d) eS ξ(13)(k). (b), (e) eP P
(13)
x (ky). (c), (f)
eP P
(13)
y (kx). (a), (b), (c) are in the topological quadrupole
phase corresponding to (a) in Fig. 6, and (d), (e), (f) are in
the trivial phase corresponding to (b) in Fig. 6.
For such generic model, let us compute the bulk topo-
logical invariant defined by Eq. (23). In Fig. 7, we
show the eS ξ13(k). The occupied and empty bands are
indeed gapped at ξ = 1/2. The gap is small since the
model is near the transition point. Using the wave func-
tion of the occupied band above, we can compute the
eWL and eP. The eP P
(13)
x (ky) is exactly quantized as
pi in the topological phase and 0 in the trivial phase, as
shown in Figs. 7(b) and 7(e), respectively. The quanti-
zation is due to the reflection symmetry Mx, Eq. (25).
On the other hand, the eP P
(13)
y (kx) is slightly fluc-
tuating as the function of kx, as can be seen in Figs.
7(c) and 7(f), since reflection symmetries give no con-
straints on it. Although not shown in the figure, we have
P
(14)
y (ky) = pi in the topological phase and = 0 in the
trivial phase, so that we have the bulk topological invari-
ant, (P
(13)
y ,P
(14)
y ) = (pi, pi) in the topological phase and
(0, 0) in the trivial phase. We also computed the eigen-
values of the reflection operatorsMx andMy at the high
symmetry points. In Table I, we find that the relation
9Phase Ref. ev (0, 0) (pi, 0) (0, pi) (pi, pi)
QP p
(13)
k∗ −1 +1 −1 +1
p
(14)
k∗ −1 −1 +1 +1
Tr p
(13)
k∗ −1 −1 −1 −1
p
(14)
k∗ −1 −1 −1 −1
TABLE I: Eigenvalues (ev) of the reflection operators at the
high symmetry points. The phase QP and Tr correspond
to the quadrupole and trivial phase in Fig. 6 (a) and (b),
respectively.
Eq. (45) holds for the present generic model.
FIG. 8: (a), (d) Spectra of the Hamiltonian with boundaries.
(b), (e) eS ξ(13)(ky). (c), (f) eS ξ
(14)(ky). (a), (b), (c) are in
the topological quadrupole phase corresponding to (a) in Fig.
6, and (d), (e), (f) are in the trivial phase corresponding to
(b) in Fig. 6.
In Fig. 8, we show various spectra for the system with
boundaries in the x direction. First, we would like to
mention the characteristic property of the spectra. It is
noted that the spectra of the Hamiltonian, Figs. 8(a)
and 8(d) are asymmetric with respect to E = 0. This
implies broken chiral and particle-hole symmetries. Also
in the eS, we can observe broken symmetries: When
the system has chiral or time reversal symmetry, the eS
obeys ξ
(13)
n (ky) = ξ
(13)
n (−ky) for systems with bound-
aries, which can be easily derived from the bulk prop-
erties in Eq. (36) or (38). Indeed, in Figs. 4 and 5,
we observe such spectra as are symmetric with respect
to ky = pi. Only with reflection symmetries, however,
the most generic spectrum has the property Eq. (31),
ξ
(13)
n (ky) + ξ
(13)
2Nx+1−n
(−ky) = 1. Thus, the eS, Figs. 8(b)
and 8(e), tell broken chiral and time reversal symmetries
for the present model. On the other hand, symmetry of
ξ
(14)
n (ky) = ξ
(14)
n (−ky) is ensured only by the reflection
with respect to My denoted by Eq. (28). Thus, we find
the eS, Figs. 8(c) and 8(f), symmetric with respect to
ky = pi.
Next, let us switch to the topological property of the
model. In Fig. 8 (b), almost zero entanglement energy
states denoted by green points which are isolated from
other bulk bands are observed. This is the doubly de-
generate edge state localized at (3) of the left edge and
at (1) of the right edge in Fig. 3. Because of the remain-
ing entanglement due to the introduced generic hopping
terms, the zero energy is slightly lifted. Nevertheless,
they are clearly separated from the bulk spectrum. In
Fig. 8 (c), we find that the degenerated zero energy edge
states at (1) and (3) in Fig. 8 (b) is completely lifted
in the spectrum of ξ(14): Namely, the edge state local-
ized at the right (14)-sites appears as a fully occupied
band, whereas the other edge state localized at the left
(23)-sites becomes a fully unoccupied band, as denoted
by red points in the figure. Since the model is near the
transition point, the gap between the edge states and
the bulk states seems very small. Nevertheless, there is
enough gap to separate in the practical numerical compu-
tations. Then, we can compute the eESP for these edge
states. The result is P
(14)
x-edge,y = pi for both bands. Thus,
it turns out that the edge states along the boundaries are
basically 1D topological SSH states. This implies that if
the present system, which is finite in the x direction, be-
comes also finite in the y direction, the SSH edge states
show the 0D zero energy edge states. These are observed
by the corner states.
On the other hand, in the trivial phase, no edge states
are observed in Figs. 8(e) and 8(f). Thus, this system is
also trivial even in the sense of the second-order topolog-
ical insulator.
VI. SUMMARY AND DISCUSSION
In this paper, we formulated the eP to describe the
topological quadrupole phase. As the conventional po-
larization is defined by the Berry or Zak phase of the
occupied states of the Hamiltonian H , the eP is also that
of the occupied states of the eH H and H¯. More generi-
cally, we expect that some classes of symmetry protected
topological phase can be easily described by the topolog-
ical properties not only of H but also of (H, H¯). This
method is simple enough to obtain the exact eP for the
minimal BBH model, which is consistent to the known
results. Furthermore, the eP reveals the topological prop-
erty of the edge states: They are themselves the 1D SSH
states, and thus, if they have boundaries, they can show
the 0D edge states. These are the corner states for a sys-
tem under the open boundary condition both for the x
and y directions. This feature can be directly checked by
the eESP.
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The adiabatic dipole pump proposed in [20] is also
revealed by the eP. Let us consider the minimal BBH
model Eqs. (1) and (3), and assume that δ, λx,y,
and γx,y depend on time t ∈ [0, 2pi]. In the process
t : 0 → pi of (δ(t), λx,y(t), γx,y) = (δ
0 cos t, λ0x,y sin t, 0),
the eP is changed by the amount of the Chern num-
bers of the simple 2 × 2 “Hamiltonians” P
(13)
− (k) and
P
(14)
− (k), (c
(13), c(14)) = (−1,−1), and their complements
(c(24), c(23)) = (1, 1), which were referred to as the entan-
glement Chern numbers (eCN) [31]. The pattern of eCN
above matches the dipole pump arising from the bulk
quadrupole moment with vanishing bulk dipole moment,
as discussed in Ref. [20]. In the other process t : pi → 2pi
of (δ(t), λx,y(t), γx,y) = (δ
0 cos t, 0,−γ0x,y sin t), we read-
ily find the vanishing eCN. Even for the more generic
model derived in Appendix A, it is easy to compute such
entanglement Chern numbers by the method proposed in
Ref. [35]. Detailed analysis, including more generic and
realistic models, will be published elsewhere.
The eP presented in this paper is also applicable to
the topological octupole phase, which will be published
in future.
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Appendix A: Generic BBH model with nearest and
next nearest neighbor hoppings among unit cells
In this Appendix, we derive most generic Hamiltonian
with reflection symmetries Eqs. (5) up to next-nearest
neighbor hoppings between unit cells.
Firstly, diagonal hopping terms are
Hd =
∑
j
[
iux(c
†
1jc1j+xˆ − c
†
2jc2j+xˆ − c
†
3jc3j+xˆ + c
†
4jc4j+xˆ)
+iuy(c
†
1jc1j+yˆ − c
†
2jc2j+yˆ + c
†
3jc3j+yˆ − c
†
4jc4j+yˆ)
+tc†1jc1j+xˆ+yˆ + t
∗c†2jc2j+xˆ+yˆ
+sc†3jc3j+xˆ+yˆ + s
∗c†4jc4j+xˆ+yˆ
+sc†1jc1j−xˆ+yˆ + s
∗c†2jc2j−xˆ+yˆ
+tc†3jc3j−xˆ+yˆ + t
∗c†4jc4j−xˆ+yˆ
]
+H.c., (A1)
where ux and uy are real parameters while s = s
r+isi and
t = tr + iti are complex parameters with the constraint
sr = −tr. Similar to Eqs. (2) and (3), this Hamiltonian
Categ. Matrices Part. K C T C γ5
Ree iγ2γ4 = −σ2 ⊗ σ3 12 − − × ×
γ4 = 1l⊗ σ1 13 + −
γ2 = −σ2 ⊗ σ2 14 + −
Roo γ5 = 1l⊗ σ3 d + + × ×
iγ1γ3 = σ2 ⊗ 1l 12 − − × ×
iγ4γ5 = 1l⊗ σ2 13 − + × ×
iγ2γ5 = σ2 ⊗ σ1 14 − + × ×
Reo iγ1γ2 = −σ3 ⊗ 1l d + + × ×
iγ1γ4 = −σ1 ⊗ σ3 12 + + × ×
iγ3γ5 = σ3 ⊗ σ1 13 + − × ×
γ1 = −σ1 ⊗ σ2 14 − +
Roe iγ3γ4 = −σ3 ⊗ σ3 d + + × ×
iγ2γ3 = −σ1 ⊗ 1l 12 + + × ×
γ3 = −σ3 ⊗ σ2 13 − +
iγ1γ5 = σ1 ⊗ σ1 14 + − × ×
TABLE II: Classification of the additional Hamiltonian terms
with reflection symmetries Eqs. (5). The sign ± denotes
SγS−1 = ±S, where S = K,C = γ5K. The symbol × stands
for the symmetry breaking for T , C and chiral (γ5) symme-
tries.
can be expressed in the Brillouin zone as
hd =2 sinkx
[
ux + (t
i − si) cos ky
]
iγ3γ4
+2
[
uy + (t
i + si) cos kx
]
sin kyiγ1γ2
−4tr sinkx sin kyγ5.
(A2)
Next, the hopping terms between 1 and 2 and between 3
and 4 are
H12 = i
∑
j
[
c†1j(vc2j + vxc2j+xˆ + vyc2j+yˆ + vxyc2j+xˆ+yˆ)
−c†3j(vc4j + vxc4j−xˆ + vyc4j+yˆ + vxyc4j−xˆ+yˆ)
]
+H.c., (A3)
where v, vx, vy, and vxy are all real parameters. In the
momentum space, it gives
h12 =(v + vx cos kx + vy cos ky + vxy cos kx cos ky)iγ2γ4
+ sin kx(vx + vxy cos ky)iγ2γ3
+ (vy + vxy cos kx) sin kyiγ1γ4
+ vxy sinkx sin kyiγ1γ3. (A4)
Likewise, we obtain the hopping terms between 1 and 3,
and between 2 and 4,
H13 =
∑
j
[
c†1j(tyc3j+yˆ + t
∗
yc3j−yˆ
+ tyxc3j+xˆ−yˆ + t
∗
yxc3j+xˆ+yˆ)
+c†2j(tyc4j−yˆ + t
∗
yc4j+yˆ
+ tyxc4j−xˆ+yˆ + t
∗
yxc4j−xˆ−yˆ)
]
+H.c., (A5)
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where tj (j = y, yx) is a complex parameter which we set
tj = t
r
j + it
i
j. In the momentum representation, this then
reduces to
h13 =2(t
r
y + t
r
yx cos kx) cos kyγ4
+2(−tiy + t
i
yx cos kx) sin kyiγ3γ5
+2tryx sin kx cos kyγ3 − 2t
i
yx sin kx sin kyiγ4γ5. (A6)
Finally, the hopping terms between 1 and 4, and between
2 and 3, we find
H14 =
∑
j
[
c†1j(txc4j+xˆ + t
∗
xc4j−xˆ
+ txyc4j+xˆ+yˆ + t
∗
xyc4j−xˆ+yˆ)
−c†2j(txc3j−xˆ + t
∗
xc3j+xˆ
+ txyc3j−xˆ−yˆ + t
∗
xyc3j+xˆ−yˆ)
]
+H.c., (A7)
where tj (j = x, xy) is a complex parameter which we set
tj = t
r
j + it
i
j . It yields
h14 =2 coskx(t
r
x + t
r
xy cos ky)γ2
−2 sinkx(t
i
x + t
i
xy cos ky)iγ1γ5
+2trxy cos kx sinkyγ1 + 2t
i
xy sin kx sin kyiγ2γ5. (A8)
Including all these terms, Hamiltonian in the Brillouin
zone can be denoted as
δh(k) =hd(k) + h12(k) + h13(k) + h14(k)
=Ree cos kx cos ky +Roo sin kx sinky
+Reo cos kx sin ky +Roe sin kx cos ky, (A9)
where Rij are matrices whose transformation properties
under time reversal, particle-hole, and chiral symmetries
are summarized in Table II. Generically, this additional
Hamiltonian breaks C4 symmetry: In the following case,
this Hamiltonian recovers C4 symmetry,
ux = uy, s
i = 0,
v = vxy = 0, vy = −vx,
ty = tx, tyx = t
∗
xy. (A10)
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